We present the first fully microscopic, self-consistent, and self-contained theory of superconducting weakly coupled periodic multilayers with tunnel barriers in the presence of externally applied parallel magnetic fields, in the local Ginzburg-Landau regime. We solve a nontrivial mathematical problem of a microscopic derivation and exact minimization of the free-energy functional. In the thin-layer limit that corresponds to the domain of validity of the phenomenological Lawrence-Doniach model, our physical results strikingly contrast with those of our predecessors. In particular, we completely revise previous calculations of the lower critical field and refute the concept of a triangular Josephson vortex lattice. We show that Josephson vortices penetrate into all the barriers simultaneously and form peculiar structures that we term "vortex planes". We calculate the superheating field of the Meiss-1 ner state and predict hysteresis in the magnetization. In the vortex state, the magnetization exhibits distinctive oscillatory behavior and jumps due to successive penetration of the vortex planes. We prove that the vortex-plane penetration and pinning by the edges of the sample cause the Fraunhofer pattern of the critical Josephson current. We calculate the critical temperature and the upper critical field of infinite (along the layers ) multilayers. For finite multilayers, we predict a series of first-order phase transitions to the normal state and oscillations of the critical temperature versus the applied field. Finally, we discuss some theoretical and experimental implications of the obtained results.
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I. INTRODUCTION
In this paper, we present the first fully microscopic, self-consistent, and self-contained theory of superconducting weakly coupled periodic multilayers (superlattices) of the S/Itype (S for a superconductor, I for an insulator or a semiconductor) in the presence of externally applied parallel magnetic fields, in the local Ginzburg-Landau 1 (GL) regime (i.
e., temperatures are close to the bulk critical temperature T c0 , all characteristic dimensions of the S-layers are much larger than the BCS 2 coherence length ξ 0 .)
Our approach introduces radically new concepts both into the construction of the theory and understanding of the underlying physics.
In Section II, we derive a microscopic free-energy functional that describes a smooth transition from the single-junction case to the thin-layer limit, when the S-layer thickness a
is small compared to all other relevant length scales. [By contrast, previous treatment was based predominantly on the phenomenological Lawrence-Doniach 3 (LD) model, applicable only in the thin-layer limit.] Our analysis of implications of gauge invariance reveals novel facets of the theory that have been completely overlooked up to now. In particular, we establish for the first time the existence of fundamental constraint relations coupling the phases of the order parameter to the vector potential and equalizing the phase differences at neighboring barriers. Mathematically, these constraints complement the usual Euler-Lagrange equations and make the free energy a minimum. Physically, they state that the average intralayer currents are always equal to zero and the local magnetic field has, in general, the periodicity of the multilayer. (The latter has recently received strong experimental support in polarized neutron reflectivity measurements on artificial Nb/Si multilayers. 4 ) As a result of this investigation, we obtain a closed, self-consistent set of mean-field equations. These equations have a particularly simple form in the thin-layer limit: Remarkably, the phase differences (the same at all the barriers) obey a Ferrell-Prange-type 5 equation with a single length scale, the Josephson penetration depth λ J = (8πepj 0 ) −1/2 (p is the period, j 0 is the critical Josephson current). (This should be contrasted with a mathematically ill-defined infinite set of differential equations containing two length scales, proposed without appropriate justification in the literature. 6,7 ) Furthermore, due to the absence of screening by the intralayer currents in the thin-layer limit, the local magnetic field proves to be independent of the coordinate normal to the layers.
In Section III, we obtain exact analytical solutions to the equations of the thin-layer limit.
This limit corresponds to the domain of validity of the phenomenological LD model, which allows us to draw a comparison with the results of our predecessors. Unfortunately, for the lack of a closed, self-consistent set of mean-field equations minimizing the free energy, some of the previous studies have rather spurious character. Thus, the above-mentioned fundamental constraints of the theory automatically rule out any possibility of suggested single Josephson vortex penetration 8, 9 as well as the occurrence 6 of a triangular Josephson vortex lattice.
Another example: in Ref. ( 7 ) concerned with the Josephson effect, inability to carry out self-consistent calculations misled the authors into an absolutely incorrect conclusion that the Fraunhofer pattern of the total critical current occurred in the absence of Josephson vortices.
Here we undertake a complete revision of these issues. However, our consideration contains as a limiting case a particular exact solution for the vortex state obtained in the framework of the LD model by Theodorakis 10 and fully supports phenomenological calculations 11,12 of the upper critical field H c2∞ in infinite (along the layers) multilayers.
Among new physical results of Sec. III, there are the following. We provide the first comprehensive description of the Meissner state in semi-infinite (along the layers) multilayers and show that at the field H s = (epλ J ) −1 (the superheating field) the Meissner phase becomes unstable with regard to Josephson vortex penetration. We predict simultaneous and coherent penetration into all the barriers. (This prediction has been confirmed experimentally. 4 ) We show that in the absence of screening by the intralayer currents (see above) the "tails"
of Josephson vortices overlap in the layering direction forming peculiar structures, "vortex planes". The lower critical field at which the formation of a single vortex plane becomes energetically favorable in an infinite multilayer is found to be H c1∞ = 2(πepλ J ) −1 . For the lower critical field in a finite multilayer with W ≪ λ J (W is the S-layer length) we obtain H c1W = π/epW , which corresponds to the first minimum of the Fraunhofer pattern. We prove that the Fraunhofer oscillations occur due to successive penetration of the vortex planes and their pinning by the edges of the sample. We show that vortex-plane penetration leads also to jumps of the magnetization. (Such features have been already observed. 4 ) For a certain field range, we predict a small paramagnetic effect. We calculate the critical temperature and the upper critical field of an infinite multilayer. The obtained implicit dependence H c2∞ (T ) exhibits the well-known "3D-2D crossover" and is free from the unphysical "low-temperature" divergence 13 of the LD model. In addition, we predict novel size-effects in finite multilayers: a series of first-order phase transitions to the normal state and oscillations of the critical temperature versus the applied field.
In Section IV, we discuss some theoretical and experimental implications of the obtained results. In Appendix A, we write down a few mathematical formulas related to the application of Mathieu functions in Sec. III.
II. BASIC EQUATIONS OF THE THEORY
A. A derivation and exact minimization of the microscopic free-energy functional
Our starting point is a microscopic second-quantized BCS-type Hamiltonian of the form 14,15
is the Fermi energy (with k F being the Fermi momentum), R s and R b correspond respectively to the superconducting and barrier regions (with a being the S-layer thickness, b the barrier thickness and p = a + b the period, the x axis being normal to the barrier interfaces), ψ α (r) is the electron field operator for spin α (a summation over repeated spin indices is implied), g < 0 is the BCS coupling constant, V imp (r) is the nonmagnetic impurity potential, U 0 > 0 is the repulsive barrier potential, A ext andÃ are the external (classical) and induced (operator) vector potentials. 16 The system is taken to be infinite in the direction of the x and z axes, while no restrictions on the linear dimensions along the y axis is so far imposed. The external magnetic field H is directed along the z axis (see Fig. 1 ).
Using field-theoretical methods of Ref. ( 14 ), we can derive from (1) a microscopic freeenergy functional of the system Ω [∆ n , ∆ * n , A; H], where ∆ n and A are classical variables:
∆ n is the pair potential (order parameter) of the nth S-layer, and A =Ã + A ext is the total vector potential, h(r) = ∇ × A(r) being the corresponding local magnetic field. For external fields satisfying the quasiclassical condition H ≪ k F /eξ 0 , in the GL regime
where T c0 is the bulk critical temperature, ξ 0 = v 0 /2πT c0 is the BCS coherence length
In Eq. (5), we have introduced the reduced modulus 0 ≤ f n ≤ 1 and the phase φ n of the pair potential in the nth S-layer via the relation ∆ n = ∆ ∞ f n exp(iφ n ), where ∆ ∞ (T ) =
is the bulk gap, ζ(m) is the Riemann zeta function. 17 The rest of notation are as follows:
is the length of the system in the z direction, D(t) is the tunneling probability of an insulating barrier between two successive S-layers [D(1) ≪ 1], χ (ξ 0 /l) is the impurity factor 18 (l is the electron mean free path),
is the GL coherence length,
is the GL penetration depth, N(0) = mk F /2π 2 is the one-spin density of states at the Fermi level, and H c (T ) is the bulk thermodynamic critical field near T c0 . 18 The term proportional to α ≪ 1 determines the interlayer Josephson coupling.
Equation (6) is merely the Maxwell equation for the local magnetic field h = (0, 0, h).
The microscopic free-energy functional (5) covers all well-known limiting cases. In the limit α = 0 (no Josephson interlayer coupling), equation (5) reduces to a sum of freeenergy functionals of independent S-layers. Making a shift of the coordinate system x → x − a/2 − b/2 and taking the limit a → ∞, one gets the case of a single SIS junction.
Shifting x → x − a/2 and taking a → ∞, b → ∞, we recover the limit of a semi-infinite superconductor in contact with vacuum.
Our task now is to establish mean-field equations of the theory, which is mathematically equivalent to the problem of minimization of (5) with respect to f n , φ n , and A = (A x , A y , 0).
This problem should be approached with certain caution, because Euler-Lagrange equations for φ n , and A x , A y are not independent.
Indeed, the functional (5) is invariant under the general gauge transformation
where η(x, y) is an arbitrary gauge function, defined in the whole region R. As a result, the variational derivatives with respect to φ n , and A x , A y are related through fundamental functional identities
The occurrence of such identities is typical of gauge theories. 19 Moreover, identities relating variational derivatives appear already in some problems of classical variational calculus with degenerate (i. e., invariant under symmetry transformations) functionals. 20 As in degenerate theories the number of variables exceeds the number of independent Euler-Lagrange equations, complementary relations should be normally imposed to eliminate irrelevant degrees of freedom and close the system mathematically. Whereas in bulk superconductors and single junctions the elimination of unphysical degrees of freedom amounts merely to an appropriate choice of gauge, in periodic weakly coupled structures this problem has additional implications. Namely, in the presence of the Josephson interlayer coupling phase differences Φ n,n−1 and Φ n+1,n at two successive barriers are in themselves not independent, which means, mathematically, that we are dealing with a variational problem with constraints.
Unfortunately, this fundamental feature was completely overlooked in previous literature.
The variations with respect to f n are independent and can be taken first. Varying under the assumption of arbitrary δf n at the boundaries, we obtain
Here, equation (9) is the usual GL equation for the bulk order parameter. Relations (10) are the usual GL boundary conditions at the superconductor/vacuum interfaces. Boundary conditions (11), (12) , describing the suppression of the order parameter due to the Josephson currents at the superconductor/insulator interfaces, are of the type first derived by de Gennes 21 for a single junction.
By contrast to f n , the variables A x , A y are defined in the whole region R. For these variables, continuity up to the second-order partial derivatives at the superconductor/insulator interfaces should be assumed. The corresponding Euler-Lagrange equations are
∂h(x, y) ∂y
Here, equations (13), (14) are the Maxwell equations in the S-layers, with j n being the intralayer supercurrent densities. Equations (15), (17) are the Maxwell equations in the barrier regions, with j n,n−1 being the Josephson current density between the nth and the (n − 1)th layers. Relation (16) is the definition of the Josephson critical current density in a single SIS junction.
14 Equations (13)- (17) should be complemented by boundary conditions at the outer inter-
As we do not consider here externally applied currents in the y direction, the first set of boundary conditions follows from the requirement [j ny ] y=L y1, L y2 = 0:
Applied to Eq. (13), these boundary conditions show that the local magnetic field at the outer interfaces is independent of the coordinate
The boundary conditions imposed on h should be compatible with Ampere's law h(L y2 ) − h(L y1 ) = 4πI obtained by integration of Eqs. (13), (15) over y, where
is the total current in the x direction. Throughout this paper, depending on a physical situation under consideration, we will employ three types of boundary conditions on h:
As usual, the Maxwell equations (13), (14) yield the current-continuity equations inside the S-layers:
The conservation of Josephson interlayer current is readily verified from (15) . Using Eqs. (14), (15) and assumed continuity of ∂h/∂y, we arrive at the boundary conditions
reflecting the continuity of the x component of the supercurrent at the internal interfaces
Integrating Eqs. (9), (21) over x and applying boundary conditions (11), (12) and (22), (23), respectively, we obtain very useful integro-differential representations
∂φn(x,y) ∂y
where
By summing Eqs. (25) over the layer index n, integrating and applying boundary conditions (18), we obtain the integral
which is, physically, the conservation law for the total supercurrent in the y direction.
Mathematically, equation (26) has the form of a constraint relation between variables ∂φ n /∂y and A y . 19, 22 To find the rest of constraints of the theory, closing the system of equations, we must minimize the functional (5) with respect to φ n and ∂φ n /∂y.
By virtue of fundamental identities (8), a naive variation of (5) with respect to φ n (with arbitrary δφ n at the boundaries) does not yield new equations. Indeed, the corresponding Euler-Lagrange equation reduces to the conservation law (21), while surface variations merely reproduce boundary conditions (18) , and (22), (23) . Considering variations of the type φ n (x, y) → φ n (x, y) + ǫψ n (y), ∂φ n (x, y)/∂y → ∂φ n (x, y)/∂y + ǫ∂ψ n (y)/∂y, where ǫ is a small parameter and ψ n (y) are arbitrary functions of y, we arrive at Eqs. (25) . To obtain genuinely new equations, minimizing (5) with respect to φ n and ∂φ n /∂y, we must enlarge the class of allowed variations.
A mathematically rigorous approach to this problem is as follows. While varying φ n (x, y) → φ n (x, y) + δφ n (y), ∂φ n (x, y)/∂y → ∂φ n (x, y)/∂y + ∂δφ n (y)/∂y, with δφ n (y) being small arbitrary functions of y, instead of integrating by parts, we impose additional
compatible with boundary conditions (18) and constraint relation (26) . The requirement of compatibility with the current-conservation law (25) automatically yields another set of constraints
The above procedure is formally equivalent to minimization of (5) with respect to independent variations of φ n and ∂φ n /∂ẏ. As this class of variations of φ n and ∂φ n /∂ẏ is larger than that employed in deriving (25), we can argue that Eqs. (27) and (28) provide the sought necessary conditions for the true minimum of the free-energy functional (5).
The physical meaning of Eqs. (27) and (28) is quite transparent. Constraints (27) minimize the kinetic-energy term in (5) with respect to variations ∂φ n (x, y)/∂y → ∂φ n (x, y)/∂y+ δψ n (y), where δψ n (y) are small arbitrary functions of y. They show that the average intralayer currents in the y direction are always equal to zero, and, as a result,
[See Eq. (13)]. These constraints appear already in the case of decoupled S-layers.
By contrast, constraints (28) are uniquely imposed by the Josephson interlayer coupling.
Their function is to make the Josephson energy stationary with respect to variations φ n (x, y) → φ n (x, y) + δφ n (y) and to assure the conservation of the total Josephson current I in neighboring barriers [see Eqs. (15), (19) ].
As no other conditions are imposed on the variables, we can satisfy (28) by choosing
These relations finalize the determination of a closed, complete, self-consistent system of mean-field equations for a S/I superlattice in the GL regime.
Constraints (27) , (28) and their corollaries (29)- (31) belong to key results of this paper.
Derived by means of a rigorous mathematical analysis of the impact of gauge invariance, they are not restricted to the functional (5), but should hold for any superconducting weakly coupled periodic structure. To illustrate their importance, we point out that Eqs. (28), (29), for example, completely rule out any possibility of single Josephson vortex penetration 8, 9 and triangular Josephson vortex lattice, 6 proposed without appropriate physical and mathematical justification. On the contrary, they imply that the distribution of the local magnetic field due to the Josephson vortices has, in general, the periodicity of the multilayer, as recently verified experimentally. 4 It should be noted, however, that although the role of constraints (28) , (29) in minimizing the free energy and closing the system of Euler-Lagrange equations for f n , φ n , and A has not been realized until now, relations (30) , (31) were implicitly employed in phenomenological calculations of H c2∞ . 3, [11] [12] [13] 23 Moreover, relations of the type (27) , (30), (31) were used by Theodorakis 10 in his particular exact solution of the LD model in a parallel field.
The equations of this subsection admit exact solutions in two limiting situations: the single-junction case, when a ≫ max{ζ(T ), λ(T )}; the thin-layer limit, when
is the length of the S-layer in the y direction). The single-junction case is well-known. The thin-layer limit will be extensively discussed in the next subsection and in Sec. III.
B. The thin-layer limit
The mean-field equations of the previous subsection allow remarkable simplification in the thin-layer limit, when
First, we can neglect the x-dependence of f, defined by Eq. (30): f (x, y) ≡ f (y). Second, fixing the gauge by the condition
we can neglect the x-dependence of φ n as well: φ n (x, y) ≡ φ n (y). In the gauge (32), Φ n,n−1 (y) = φ n (y) − φ n−1 (y), and Eqs. (31) become
with the solution
where φ(y) is the coherent phase difference (the same for all the barriers), and χ(y) is an arbitrary gauge function, allowed by particular gauge transformations φ n (y) → φ n (y)+χ(y),
. Without any loss of generality, we can set χ ≡ 0.
In view of independence of f and φ n from x in the thin-layer limit, the physical meaning of constraints (27) , (28) becomes even more obvious. Thus, Eqs. (28) are now the conditions of stationarity of the Josephson energy with respect to all allowed variations of φ n . Due to Eqs. (27) , the term in (24) responsible for the kinetic energy of the intralayer currents becomes
which shows that conditions (27) minimize the kinetic energy for a given configuration of the vector potential A.
Concerning the Maxwell equations, the right-hand side of Eq. (13) is of order a 2 /λ 2 (T ) and can be discarded. Equation (14) can be altogether dropped. Thus, we arrive at a closed set of equations
1 4π
These equations, of cause, should be complemented by continuity conditions on A, ∂A/∂x and boundary conditions (10) and (20) .
It is worth noting that an immediate consequence of Eqs. (34), (38) is independence of the local field h from the coordinate x in the whole region R: h(x, y) = h(y), −∞ < x < +∞. This result is fully compatible with the requirement (29) and demonstrates that the intralayer supercurrents in the thin-layer limit are unable to screen out the magnetic field: The situation is very familiar from the physics of isolated superconducting films with a ≪ λ(T ).
13,21,24
Our next objective is to eliminate the vector potential and obtain a closed set of equations involving only f and φ. Equations (25), (35) can be easily solved for A in the nth "elementary cell" R n = R sn ∪ R bn (the S-layer plus the adjacent barrier). Applying the continuity conditions on A, ∂A/∂x, boundary conditions (20) and the constraint relation (36), we get
where (20), (i), (iii), and H 1 ≡ H − 2πI for (20), (ii). Matching Eq. (39) to an analogous solution in the adjacent cell R n−1 leads to the solvability condition
Equation ( With the help of Eq. (39), we arrive at the expression for the vector potential in the
A(x, y) = 1 2ep
This equation should be substituted into Eqs. (37), (38) .
In this manner, we obtain a closed, complete set of equations describing a thin-layer S/I superlattice in an external parallel magnetic field:
with boundary conditions (20) and I ≡ Finally, the free-energy functional (5) in the thin-layer limit after a transition to the mean-field approximation with respect to A takes the form
where The equations of the thin-layer limit admit exact solutions for all physical situations of interest. These solutions are the subject of the next section.
III. MAJOR PHYSICAL EFFECTS IN THE THIN-LAYER LIMIT
A. The Meissner state in a semi-infinite multilayer. The superheating field
Consider a semi-infinite (in the y direction) multilayer with L y1 = 0, L y2 = +∞ in the external fields
with boundary conditions of the type (20) , (iii):
For
the Meissner solutions of Eqs. (43)-(48) are Moreover, the phase difference at the surface φ(0), being a non-positive, monotonously decreasing function of H in the whole interval 0 ≤ H ≤ H s , also reaches its minimum value φ(0) = −π at H = H s . The appearance of the phase difference -π can be attributed to the formation of a line singularity of the amplitude of condensation ψ ↑ (r)ψ ↓ (r) at the outer interface of the barrier ("the Josephson vortex core"). In addition, the magnetic flux per "elementary cell" at H = H s is Φ =Φ 0 /2, where Φ 0 = π/e is the flux quantum.
Finally, from the second of Eqs. (51) and the condition H ≤ H s for the Meissner solutions, the maximal value of the total Josephson current |I| = I max in a semi-infinite multilayer is
For |I| > I max , the field at the boundary is h(0) > H s , and the stationary flow of the 
The sought solution has the form of a kink: Corresponding distribution of the local magnetic field is given by
Notice that at the vortex plane h(0) = H s . The density of the Josephson currents is
At the vortex plane, j(0) = 0. The Josephson currents vanish exponentially at y → ±∞ and reach their peak values at y = ± ln(1 + √ 2)λ J ≈ ±0.88λ J . As regards the order parameter, we get
Notice that Eqs. To find the lower critical field H c1∞ at which the solution (59) becomes energetically favorable, we must consider the free-energy functional (49), which in this case takes the
where (63), we obtain the free-energy contribution of a single vortex plane:
with Φ 0 = π/e the flux quantum. From the condition Ω [
as in the case of a single junction, apart from the factor p in the denominator instead of 2λ(T ). Under these assumptions, the phase difference up to first order in the small parameter
The is itself a singular function of the applied field H:
where [u] means the integer part of u, and Φ = pW H is the flux through an "elementary cell". This choice of the constant of integration guarantees that the energy of the Josephson coupling E J in (49) takes the minimal value for a given H:
(This expression should be compared with its analog for a single Josephson junction.
25 )
The physical quantities corresponding to (67) are
[The term 2 [epHζ(T )] 2 in the denominators of (72) can only be retained if p ≫ a.]
In the limit W ≫ ζ(T ), |y| ≪ W/2, equation (72) becomes
Equations of the type (67), (70) and (73) The positions of vortex planes y v correspond to local maxima of the field h(y) in Eq.
(70). [In the case (73), y v exactly coincide with local minima of f (y).] In the vortex planes y = y v , the microscopic magnetic field is higher than the applied one:
which is expected for any vortex solution. The Josephson current density j(y) = 
The definition of the magnetizationṀ,
and Eq. (70) yield
The magnetization (77) shows distinctive oscillatory behavior and discontinuities at epW H → πN (N is an integer), when a vortex plane penetrates or leaves the sample.
Interestingly enough, the right-hand side of (77) passes through zero and may have both signs. Thus, for Φ = pW H ≫ Φ 0 , the sample exhibits a small paramagnetic effect, if In this way, we obtain
is the number of vortex planes, Φ = pW H is the flux through an "elementary cell", Φ 0 = π/e, as usual, and the constant ϕ (|ϕ| ≤ π/2) parameterizes the total Josephson current I given by (80). Equation (80) yields the well-known Fraunhofer pattern, the only difference from the single-junction case being the occurrence of the period p in place of 2λ(T ). 25, 26 Note that the first zero of the Fraunhofer pattern, by virtue of (75), corresponds to the lower critical field H c1W . In the absence of the transport current, i. e., for ϕ = 0, equations (79), (81), (82) reduce, respectively, to (67), (70) and (72), as they should.
The self-consistency of our calculations can be easily verified by means of Ampere's law
It is assured by terms proportional to W 2 /λ 2 J in (79) and (81) that explicitly take into account the effect of self-induced fields. Although Eq. (80) was first derived in the framework of the LD model in Ref. ( 7 ), the authors of that publication, based on an incomplete set of equations, were unable to find the phase differences self-consistently and evaluate the local magnetic field in first order in W 2 /λ 2 J . As a result, they arrived at an absolutely incorrect conclusion that Fraunhofer oscillations of I could be observed in the absence of Josephson vortices. Unfortunately, this misunderstanding is shared in some other recent publications. 30 Therefore, we provide below a detailed and rigorous clarification.
As we see from Eq. (81), in the presence of the transport current I, the vortex planes are shifted by the Lorentz force to new equilibrium positions [local maxima of h(y)] :
where y v correspond to local maxima of the right-hand side of (81) for ϕ = 0. The local magnetic field in the vortex planes now is
In equilibrium, the Lorentz force f L per elementary cell acting on the vortex planes is counterbalanced by the pinning force f pin that can be defined as
where 
It is very instructive to rewrite Eq. (86) as From (85) and (86), we obtain the pinning force for the shift Y :
From these expressions we infer that the maximal value of the pinning force |f pin | for given flux Φ is f 
This expression was to be expected from general considerations, Finally, we observe that the magnetization in the presence of the transport current I(ϕ; Φ), according to (76) and (81), is given by
For ϕ = 0, equation (90) reduces to (77). At the point of the second-order phase transition to the normal state, f 2 can be considered as a small parameter. Thus, the term f 3 in Eq. (68) and the right-hand side of Eq. (70) can be dropped. Applying boundary conditions (20) , (i) yields φ(y) = 2epHy + πN v (H).
With this phase difference, the linearized version of (19) can be transformed into
where we have introduced a dimensionless variable t ≡ epHy: f (t) ≡ f (t/epH). Hence one 
The critical parameters T c and H c2 are now determined by the smallest eigenvalue of the boundary problem (91), (92).
In an infinite in the y direction multilayer (L → ∞), the only bounded at the infinity solutions of (91) are periodic Mathieu functions, with f Nv=2m+1 (t) ∝ce 0 (t, q) and f Nv=2m (t) ∝ce 0 (π/2 − t, q) corresponding to the smallest eigenvalues a 0 (q) and a 0 (−q) = a 0 (q), respectively. Thus the critical parameters are given by the equation
where one should fix H to obtain T c∞ or, alternatively, fix T to obtain H c2∞ . As in the case of Eq. (73), local minima of the reduced order parameter f (t) in (91) correspond to the positions of the vortex planes: in conventional units the distance between two successive minima is ∆y v = π/epH, which gives the flux Φ = ∆y v pH = Φ 0 per single vortex. demonstrates the generality and self-consistency of the approach of this paper.
Finally, we emphasize that the concept of Josephson vortex planes applies both in limits (101) and (104). Contrary to previous suggestions, 23, 7 there is no transition from the "Abrikosov-core regime" to the "Josephson-core regime" at T * : The existence of Abrikosov vortices with normal cores in the thin-layer limit is not allowed by the solutions of Eq. (91).
[Mathematically, the function ce 0 (t, q) is strictly positive.] 
and
where Eqs. (epHL, q)
while for We want to point out here that the exact character of the transitions f µ ↔ f ν can only be established by solving the nonlinear boundary problem and comparing the corresponding free energies, which is beyond the scope of the present paper.
As an important application of the above results, we consider the critical temperature of a finite multilayer T cW in the field range given by (98), and with W ≪ pλ J /λ(T ). Under such circumstances, the condition (113) is satisfied, and the solution of Eq. (108) is
which on substituting into Eq. (109) yields: 
IV. DISCUSSION
Based solely on the microscopic Hamiltonian (1), we have constructed a self-consistent theory that provides a comprehensive, unified picture of physical effects in S/I multilayers in parallel magnetic fields in the GL regime.
Employing rigorous technique of variational calculus, we have derived in Sec. II fundamental constraint relations (27) , (28) The results of our investigation directly apply to artificial superconductor/insulator 35 and superconductor/semiconductor 33,36,4 multilayers. As regards the high-T c superconductors BSCCO and TBCCO, believed to be atomic-scale weakly coupled superlattices, 37 the application is restricted by the limitation (4). However, we expect that such basic features of the thin-layer limit as simultaneous and coherent penetration in the form of the vortex planes will hold. For high-T c samples exhibiting a clear Fraunhofer pattern, 38 we anticipate the presence of the related effect of oscillations of the critical temperature (115) as well.
As to direct experimental verification of basic concepts of our theory, the best evidence is provided by the recent magnetization and polarized neutron reflectivity measurements on Nb/Si multilayers in parallel fields. did not fully match the requirements of the thin-layer limit for which the screening by the intralayer currents could be neglected.) Finally, it is quite natural that our general implicit expression (100) for H c2∞ (T ) exhibits the so-called "3D-2D crossover", well-known from the experiment, 33 and is free from the unphysical "low-temperature" divergence, typical 13 of the phenomenological LD model. 
